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Abstract
Built on a recent work on the quantum chromodynamic (QCD) factorization for semi-inclusive
deep-inelastic scattering (DIS), we present a set of factorization formulas for the spin-dependent
DIS and Drell-Yan cross sections at low transverse momentum. The result can be used to extract
transverse-momentum dependent parton distribution and fragmentation functions from relevant
experimental data.
1
1. Polarized hard scattering has becoming an important tool to learn about the internal
structure of hadrons. In recent years, inclusive and semi-inclusive polarized deep-inelastic
scattering (DIS) has helped to unravel the quark helicity distributions in the nucleon [1].
At present the polarized Relativistic Heavy Ion Collider at Brookhaven National Labora-
tory is producing data from polarized proton-proton collisions, which will provide a direct
measurement of the polarized gluon distribution [2].
An important class of polarized experiments involves measurement of transverse momen-
tum of the order ΛQCD. For example, in semi-inclusive deep-inelastic scattering (SIDIS) at
moderate energy (for example, at HERMES kinematics), the tagged final-state hadron has a
transverse-momentum peaked at a few hundred MeV. In Drell-Yan process also at moderate
center-of-mass energy, Drell-Yan pairs typically have a transverse momentum of the same
order of magnitude. Theoretical study of these processes began with the classical work of
Collins and Soper in which a nearly back-to-back hadron pair is produced in e+e− collisions
[3]. A factorization theorem for the process was established, which involves a new class of
non-perturbative hadronic observables depending on the transverse-momentum of hadrons
and/or partons: the transverse-momentum dependent (TMD) fragmentation functions and
parton distributions. In a previous publication [4], we have extended the QCD factorization
theorem to the case of the semi-inclusive DIS. The correction to the factorization is on the
order of P 2⊥/Q
2 and M2h/Q
2, where P⊥ is the transverse momentum of the produced hadron
and MH is a hadron mass scale. In this paper, we extend factorization further to a class
of spin-dependent DIS and Drell-Yan processes. Since the details are similar, here we focus
mostly on the final result, omitting technicalities which can be found in the above refer-
ences. The result can be used to extract a new class of TMD parton functions from relevant
experimental data, just like the standard QCD factorization theorems allow extraction of
the Feynman parton distributions from hard scattering data.
Before proceeding future, let us remark that there have been many studies in the literature
on the same processes at large, but not too large transverse-momentum (Q≫ P⊥ ≫ ΛQCD),
where Q is hard-collision scale (for example, the virtual-photon mass). In this case, the cross
section can in principle be calculated using the conventional perturbative QCD method with
the integrated Feynman parton distributions. However, the hard part contains the large
double logarithms of the type αs ln
2 P 2⊥/Q
2, which must be re-summed to make reliable
predictions [5, 6]. The formalism developed by Collins and Soper in the case of e+e− annihi-
lation [3] and followed in our previous paper, is ideal for making this type of re-summation.
In fact, an application to the unpolarized Drell-Yan process was first made by Collins, Soper
and Sterman (CSS) [7]. Various applications of CSS formalism to Drell-Yan, heavy bo-
son productions, and semi-inclusive DIS scattering have been developed in the literature
[8, 9, 10, 11, 12, 13].
2. Let us first define a new class of non-perturbative hadronic matrix elements, the
spin and transverse-momentum dependent parton distributions and fragmentation functions,
which one hopes to learn from high-energy scattering. As illustrated in Fig. 1, we consider
a hadron with momentum P µ moving in the z-direction, and is polarized with a spin vector
Sµ (dimensionless and S ·P = 0). In the limit P 3 →∞, the P µ is proportional to the light-
cone vector pµ = Λ(1, 0, 0, 1), where Λ is a mass dimension-1 parameter. The conjugation
light-cone vector is n = (1/2Λ)(1, 0, 0 − 1), such that p2 = n2 = 0 and p · n = 1. We use
the light-cone coordinates k± = (k0 ± k3)/√2, and write any four-vector kµ in the form
of (k−, ~k) = (k−, k+, ~k⊥), where ~k⊥ represents two perpendicular components (k
x, ky). Let
(xP+, ~k⊥) represent the momentum of a parton (quark or gluon) in the hadron as shown in
2
(P, S)
(x,~k⊥)
FIG. 1: Transverse momentum dependent quark distributions in the nucleon.
Fig. 1. In a non-singular gauge (e.g. Feynman gauge), the TMD parton distributions can
be defined through the following density matrix [14, 15],
M±(x, k⊥, µ, xζ, ρ) = p+
∫
dξ−
2π
e−ixξ
−P+
∫
d2~b⊥
(2π)2
ei
~b⊥·~k⊥ (1)
×
〈
PS
∣∣∣ψq(ξ−, 0,~b⊥)L†v(±∞; ξ−, 0,~b⊥)Lv(±∞; 0)ψq(0)
∣∣∣PS〉
S±(~b⊥, µ2, ρ)
,
where ψq is the quark field, and the Dirac- and color indices of the quark fields are implicit.
The +(−) superscript is appropriate for DIS (Drell-Yan) process [15, 16]. vµ is a time-
like dimensionless (v2 > 0) four-vector with zero transverse components (v−, v+,~0) and
v− ≫ v+. Thus the vµ is a quasi light-cone vector, approaching nµ. The variable ζ2 denotes
the combination (2P · v)2/v2 = ζ2. Lv is a gauge link along vµ,
Lv(±∞; ξ) = exp
(
−ig
∫ ±∞
0
dλv · A(λv + ξ)
)
. (2)
Here the non-light-like gauge link is introduced to regulate the light-cone singularities. We
avoid the use of singular gauges (e.g. the light-cone gauge) because in those gauges the
gauge potential may not vanish at infinity and gauge links at infinity might be necessary to
define gauge-invariant parton distributions [16].
In the above definition, we have derived a soft factor defined as [4]:
S±(~b⊥, µ
2, ρ) =
1
Nc
〈0|L†v˜il(~b⊥,−∞)L†vlj(±∞;~b⊥)Lvjk(±∞; 0)Lv˜ki(0;−∞)|0〉 , (3)
where i, j, k, l = 1, 2, 3 are color indices and new quasi light-cone vector v˜µ = (v˜−, v˜+,~0) has
been introduced with v˜− ≪ v˜+. The ρ parameter is defined as ρ =√v−v˜+/v+v˜− ≫ 1. The
above soft factor will also be present in the factorization theorems below.
The leading order expansion of the density matrix M contains eight quark distributions
[17, 18],
M = 1
2
[
q(x, k⊥) 6p+ 1
M
δq(x, k⊥)σ
µνkµpν +∆qL(x, k⊥)λγ5 6p
+
1
M
∆qT (x, k⊥)γ5 6p( ~k⊥ · ~S⊥) + 1
M
δqL(x, k⊥)λiσµνγ5p
µkν⊥ + δqT (x, k⊥)iσµνγ5p
µSν⊥
+
1
M2
δqT ′(x, k⊥)iσµνγ5p
µ
(
~k⊥ · ~S⊥kν⊥ −
1
2
~k2⊥S
ν
⊥
)
+
1
M
qT (x, k⊥)ǫ
µναβγµpνkαSβ
]
,(4)
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where M is the nucleon mass. We have omitted ± labels and the arguments ζ and µ for the
distributions at the right side of the equation. The convention for γ5 and ǫ-tensor follows that
of [19]. In principle, there are Lorentz structures depending on vµ and v˜µ; they can taken
to be nµ and pµ, respectively, when no light-cone singularity is present. The polarization
vector Sµ has been decomposed into a longitudinal component SµL and a transverse one S
µ
⊥,
Sµ = SµL + S
µ
T
= λ
(
pµ
M
− M
2
nµ
)
+ SµT (5)
where λ is the helicity. The notations for the distributions follow Ref. [20], which are
different than those in [17, 18].
Out of the eight TMD distributions, three of them are associated with the k⊥-even struc-
ture under the exchange k⊥ → −k⊥: q(x, k⊥), ∆qL(x, k⊥), and δqT (x, k⊥), which correspond
to the unpolarized, longitudinal polarized, and transversity distributions, respectively [21].
These distributions will survive after integrating over transverse momentum. The other
five distributions are associated with the k⊥-odd structures, and hence vanish when k⊥
are integrated. Two of them, qT (x, k⊥) and δq(x, k⊥), are odd under naive time-reversal
transformation [22] and require hadronic final-state interactions to be non-zero [23].
If one is interested in production of hadrons, TMD fragmentation functions must be intro-
duced. Following the above, we define the following density matrix for a quark fragmentation
into a (pseudo) scalar hadron,
Mh(z, Ph⊥, µ, ζˆ/z, ρ) = n
−
z
∫
dξ−
2π
d2~b
(2π)2
e−i(k
+ξ−−~k⊥·~b⊥) (6)
×
∑
X
1
3
∑
a
〈0|Lv˜(−∞, 0)ψβa(0)|PhX〉γ+αβ
×〈PhX|(ψαa(ξ−,~b)L†v˜(ξ−,~b,−∞)|0〉/S(b⊥, µ, ρ) ,
where v˜ is mainly along the light-cone direction conjugating to Ph, k
+ = P+h /z and
~k⊥ =
−~Ph⊥/z, and a = 1, 2, 3 is a color index. The variable ζˆ is defined as ζˆ2 = 4(Ph · v˜)2/v˜2. At
leading order, we can have two fragmentation functions in the expansion,
Mh = 1
2
[
qˆ(x, p⊥) 6n + 1
M
δqˆ(x, p⊥)σ
µνpµ⊥nν
]
. (7)
The second one is (naively) time-reversal odd.
The k⊥-even parton distributions satisfy the same Collins-Soper evolution equation re-
spect to ζ , e.g., [3]
ζ
∂
∂ζ
f(x, b, µ, xζ) =
(
K(b, µ) +G(xζ, µ)
)
f(x, b, µ, xζ) , (8)
where f = q,∆qL, and δqT , and the sum K + G is independent of ultraviolet scale µ. This
is because the ζ-dependence arises from light-cone divergences that are independent of the
spin structure. We have verified this explicitly at one-loop order. For k⊥-odd distributions,
similar equations have not yet been studied in the literature.
4
3. In [4], a factorization formula has been shown for the cross section of unpolarized semi-
inclusive DIS, which involves the unpolarized TMD parton distributions and fragmentation
functions. Let us first extend this result to polarized semi-inclusive DIS process. Our result is
valid up to power corrections in P 2⊥/Q
2, and can be used to extract the new non-perturbative
hadronic matrix elements from relevant experimental data.
The differential cross section for semi-inclusive DIS reads
dσ
dxBdydzhd2 ~Ph⊥
=
2πα2em
Q4
yℓµνW
µν(P, q, Ph) , (9)
where the leptonic tensor is
ℓµν = 2(ℓµℓ′
ν
+ ℓµℓ′
ν − gµνQ2/2− 2iλℓǫµναβℓ′αℓβ) , (10)
and λℓ is the helicity of the initial lepton, ℓ and ℓ
′ the initial and final momenta of the lepton,
qµ = ℓµ−ℓ′µ the momentum of the virtual photon, Ph the momentum of the observed hadron.
As usual, xB is the Bjorken variable, y is the fraction of the lepton energy loss, and Q
2 = −q2.
The hadron tensor has the following expression in QCD,
W µν(P, q, Ph) =
1
4zh
∑
X
∫
d4ξ
(2π)4
eiq·ξ〈PS|Jµ(ξ)|XPh〉〈XPh|Jν(0)|PS〉 , (11)
where Jµ is the electromagnetic current of the quarks, X represents all other final-state
hadrons other than the observed particle h. The variable zh can be defined as P · Ph/P · q
or P−h /q
−.
In a coordinate system in which the virtual-photon and hadron momenta are collinear
and along the z-direction, the above hadronic tensor W µν has the following leading-twist
structures,
2W µν = −gµν⊥ F (1)UU
+iλℓǫ
µν
⊥ (λFLL + S
i
⊥Pˆ
i
h⊥FLT )
+(gµν⊥ − Pˆ µh⊥Pˆ νh⊥ − Pˆ νh⊥Pˆ µh⊥)F (2)UU
+λPˆh⊥αǫ
α(µ
⊥ Pˆ
ν)
h⊥FUL
−gµν⊥ ǫαβS⊥αPˆh⊥βF (1)UT
+
(
S⊥αǫ
α(µ
⊥ Pˆ
ν)
h⊥ − gµν⊥ ǫαβS⊥αPˆh⊥β
)
(F
(2)
UT − F (3)UT/2)
+Pˆh⊥αǫ
α(µ
⊥ Pˆ
ν)
h⊥(
~ˆPh⊥ · ~S⊥)F (3)UT , (12)
where gµν⊥ = g
µν − pµnν − pνnν and ǫµν⊥ = ǫαβµνpαnβ , and Pˆh⊥ is the unit vector along ~Ph⊥.
FI1I2 are structure functions depending on xB, zh, Ph⊥, and Q
2, where I1 represents the
polarization of the incident lepton and I2 that of the target hadron (U : unpolarized, L:
longitudinally-polarized, T : transversely-polarized). For example, FUU denotes the unpo-
larized structure function, FUT means the target is transversely polarized while the beam
lepton is unpolarized.
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Substituting the hadronic tensor into the differential cross section, we get
dσ
dxBdydzhd2 ~Ph⊥
=
4πα2ems
Q4
[
(1− y + y2/2)xB(F (1)UU + sin(φh − φS)|S⊥|F (1)UT )
+λℓy(1− y/2)xB(λFLL + cos(φh − φS)|S⊥|FLT )
+(1− y)xB
(
− cos(2φh)F (2)UU + λ sin(2φh)FUL
+|~S⊥| sin(φh + φS)F (2)UT +
1
2
|~S⊥| sin(3φh − φS)F (3)UT
)]
, (13)
where s = (P+ℓ)2, and φS and φh are azimuthal angles for the transverse polarization vector
of the initial hadron and the transverse momentum of the final state hadron, respectively. By
studying the angular dependence of the cross section, one can isolate the different structure
functions.
Following [4], we can factorize the structure functions into TMD parton distributions
and fragmentation functions, and soft and hard parts. For example, the double polarized
structure function FLL has the following factorization form,
FLL(xB, zh, Q
2, Ph⊥) =
∑
q=u,d,s,...
e2q
∫
d2~k⊥d
2~p⊥d
2~ℓ⊥
×∆qL
(
xB, k⊥, µ
2, xBζ, ρ
)
qˆ
(
zh, p⊥, µ
2, ζˆ/zh, ρ
)
S+(~ℓ⊥, µ
2, ρ)
×HLL
(
Q2/µ2, ρ
)
δ2(z~k⊥ + ~p⊥ + ~ℓ⊥ − ~Ph⊥) . (14)
where we have chosen a coordinate system in which ζ2 = (Q2/x2B)ρ and ζˆ
2 = (Q2z2h)ρ.
Similarly, we can have for the other structure functions,
F
(2)
UU =
∫
2~k⊥ · ~ˆPh⊥~p⊥ · ~ˆPh⊥ − ~k⊥ · ~p⊥
MMh
δq (xB, k⊥) δqˆ (zh, p⊥)S
+(~ℓ⊥)H
(2)
UU
(
Q2
)
,
FUL =
∫
2~k⊥ · ~ˆPh⊥~p⊥ · ~ˆPh⊥ − ~k⊥ · ~p⊥
MMh
δqL (xB, k⊥) δqˆ (zh, p⊥)S
+(~ℓ⊥)HUL
(
Q2
)
,
FLT =
∫ ~k⊥ · ~ˆPh⊥
M
∆qT (xB, k⊥) qˆ (zh, p⊥)S
+(~ℓ⊥)HLT
(
Q2
)
,
F
(1)
UT =
∫ ~k⊥ · ~ˆPh⊥
M
qT (xB, k⊥) qˆ (zh, p⊥)S
+(~ℓ⊥)H
(1)
UT
(
Q2
)
,
F
(2)
UT =
∫
~p⊥ · ~ˆPh⊥
M
δqT (xB, k⊥) δqˆ (zh, p⊥)S
+(~ℓ⊥)H
(2)
UT
(
Q2
)
,
F
(3)
UT =
∫
4(~k⊥ · ~ˆPh⊥)2~p⊥ · ~ˆPh⊥ − |~k⊥|2~p⊥ · ~ˆPh⊥ − 2~k⊥ · ~p⊥~k⊥ · ~ˆPh⊥
M2Mh
×δq′T (xB, k⊥) δqˆ (zh, p⊥)S+(~ℓ⊥)H(3)UT
(
Q2
)
, (15)
where the simple integral symbol represents a complicated integral used above, i.e.,
∫
=∫
d2~k⊥d
2~p⊥d
2~ℓ⊥δ
2(z~k⊥ + ~p⊥ + ~ℓ⊥ − ~Ph⊥). And for simplicity, we also omit the explicit sum
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over all flavors weighted with their charge square, and the explicit µ, ρ and ζ dependence for
the parton distributions and fragmentation functions, as well as the soft and hard factors.
From the above factorization formulas in the transverse momentum space, we can also
obtain the factorization form in the impact parameter space. For example,
F˜
(1)
UT (b) =
−1
Mzh
∂ib
[(
∂ibqT (xB, zhb)
)
qˆ (zh, b)S
+(b)H
(1)
UT
(
Q2
)]
, (16)
where F˜
(1)
UT (b) =
∫
d2Ph⊥e
i ~Ph⊥·~b|~Ph⊥|F (1)UT (Ph⊥), and other quantities depending on ~b are ob-
tained from the Fourier transformation of the corresponding momentum-dependent ones.
The convolution in transverse momentum space becomes a simple product in the impact
parameter space, while the ~k⊥ moment integral generates a derivative on ~b.
An explicit one-loop calculation for FUU and FLL can be done. The hard parts at one-loop
order have the following form,
H
(1)
UU = HLL =
αs
2π
CF
[(
1 + ln ρ2
)
ln
Q2
µ2
− ln ρ2 + 1
4
ln2 ρ2 + π2 − 4
]
. (17)
To get the next-to-leading order corrections for the hard parts related to k⊥-odd distri-
butions, one has to consider two-loop calculations for scattering off an elementary quark
target.
In the above discussions, we consider the factorization of the leading contributions in
the expansion of P 2h⊥/Q
2. However, the power corrections in the semi-inclusive DIS [17]
might have sizable effects at moderate Q2 range. They are not included in our factorization
formalism. On the other hand, it will be interested to extend our factorization formalism to
include the sub-leading power contributions in SIDIS, just like what have been done for the
sub-leading power correction to the inclusive DIS and DY cross sections [24]. This however
is beyond the scope of the present paper.
One can apply the above formalism to study the polarized cross sections and asymme-
tries in the SIDIS, and compare theoretical predictions with experimental measurements if
the non-perturbative parton functions are known from solving non-perturbative QCD. In
practice, we can treat them as unknown inputs, and fit to the experimental data. The par-
ton functions determined phenomenologically can be used to make predictions for similar
processes. Note that in the TMD quark distributions and fragmentation functions there
is a double logarithmic dependence on the hadron energy (in terms of ln2 b2ζ2) which is
controlled by the Collins-Soper evolution equations as shown in Eq. (8). To get the reliable
prediction for the cross sections for the SIDIS, one has to solve these evolution equations
to re-sum the double logarithms. As we showed in the above the Collins-Soper evolutions
for the k⊥-even TMD quark distributions are the same. It will be interested to study the
Collins-Soper evolution for all the leading-twist quark distributions including the k⊥-odd
ones. We leave this study in a separate publication.
Let us finally remark on the two special cases related to the above results. The first case
concerns cross sections integrated over the transverse momentum of the hadrons [17]. Since
the above factorization formulas are valid only when Ph⊥ ≪ Q, one cannot use them to
integrate out all Ph⊥. To do that, one must have factorization formulas valid at all Ph⊥,
including all power corrections. Alternatively, one can prove the factorization theorems in
the Ph⊥-integrated form, which can be done, but is beyond the scope of this paper.
The second case concerns the region of transverse momentum ΛQCD ≪ Ph⊥ ≪ Q. In this
region, the above factorization formula is still valid. However, because Ph⊥ is now hard, all
7
structure functions can be further factorized in terms of ordinary twist-two and twist-three
parton distributions. Using Collins and Soper equations, one can sum over large logarithms
of type αs ln
2Q2/P 2h⊥. This case, has been studied for example in [11, 12]. Some of the
relevant leading-order perturbative QCD calculations have been done in [25].
4. In the Drell-Yan processes, we have two hadrons in the initial states: A and B. We
consider the hadron A moving along z-direction while B along -z-direction. For the TMD
parton distributions in hadron B, we introduce another non-light-like vector v˜ = (v˜−, v˜+,~0)
(v˜− ≪ v˜+) and the variable ζ2 = (2PB · v˜)2/v˜2, just like for the fragmentation functions
in DIS. The TMD quark and anti-quark distributions for hadron B are similar to those of
hadron A.
We study the the production of a lepton pair with low transverse momentum in Drell-Yan
process:
A(P1, S1) +B(P2, S2)→ γ∗(q) +X → ℓ+ + ℓ− +X, (18)
where P1 and P2, S1 and S2 are momenta and polarization vectors of A and B, respectively.
The differential cross sections for ℓ+ℓ− production reads
dσ
d4QdΩ
=
α2em
2sQ4
LµνW
µν , (19)
where Lµν is the leptonic tensor. For the Drell-Yan production, we have L
µν = 4(ℓµ1ℓ
ν
2 +
ℓµ1ℓ
ν
2 − gµνQ2/2), where ℓi is the lepton’s momentum. Ω is the solid angle of the lepton
in the virtual photon rest frame. Qµ is the momentum of the lepton pair; s is the total
center-of-mass energy square. The hadronic tensor is defined as:
Wµν(x1, x2, Q⊥, S1, S2) =
∫
d4ξ
(2π)4
e−iq·ξ〈P1S1P2S2|Jµ(ξ)Jν(0)|P1S1P2S2〉 , (20)
where Jµ is the electromagnetic current. Disregarding the contributions from k⊥-odd parton
distributions, the leading hadronic tensor can be decomposed into three terms,
2W µν = −gµν⊥ (W0 − λ1λ2WLL)− gµνTTWTT , (21)
where gµνTT =
~S1⊥ · ~S1⊥gµν⊥ +Sµ1Sν2 + Sν1Sµ2 . The tensor structure W0 denotes the unpolarized
tensor, WLL the double longitudinal polarized tensor, and WTT the double transversely po-
larized tensor. We can choose a frame that the momenta P µ1 , P
µ
2 and Q
µ can be decomposed
into the following forms,
P µ1 = p
µ +
M2
2
nµ ,
P µ2 =
s
2
nµ +
M2
s
pµ ,
Qµ = x1p
µ + x2
s
2
nµ +Qµ⊥ . (22)
The polarization vectors of hadrons can be decomposed as:
Sµ1 = λ1
(
pµ
M
− M
2
nµ
)
+ Sµ1⊥ ,
Sµ2 = λ2
(
s
2M
nµ − M
s
pµ
)
+ Sµ2⊥ , (23)
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where λ1 and λ2 are the helicities of hadron A and B respectively, and Si⊥ the relevant
transverse polarization vectors.
Using the hadronic tensor, the differential cross section can be expressed as
dσ
d4QdΩ
=
α2
2sQ2
{
(1 + cos2 θ)W0(x1, x2, Q
2, Q⊥)
−(1 + cos2 θ)λ1λ2WLL(x1, x2, Q2, Q⊥)
+ sin2 θ cos(φ1 + φ2)|~S1⊥||~S2⊥|WTT (x1, x2, Q2, Q⊥)
}
. (24)
where θ is the polar angle of the lepton momentum, and φ1 and φ2 are azimuthal angles of the
nucleon transverse spin relative to the lepton plane. WLL contributes to double longitudinal
spin asymmetry and WTT to double transverse spin asymmetries.
Following Ref. [4], we have the following factorization formulas for the above hadronic
tensors,
W0(x1, x2, Q
2, Q⊥) =
∑
q=u,d,s,...
e2q
3
∫
d2~k1⊥d
2~k2⊥d
2~ℓ⊥
×q (x1, k1⊥, µ2, x1ζ, ρ) q (x2, k2⊥, µ2, x2ζ, ρ)S−(~ℓ⊥, µ2, ρ)
×H0
(
Q2, µ2, ρ
)
δ2(~k1⊥ + ~k2⊥ + ~ℓ⊥ − ~Q⊥) , (25)
WLL(x1, x2, Q
2, Q⊥) =
∑
q=u,d,s,...
e2q
3
∫
d2~k1⊥d
2~k2⊥d
2~ℓ⊥
×∆qL
(
x1, k1⊥, µ
2, x1ζ, ρ
)
∆qL
(
x2, k2⊥, µ
2, x2ζ, ρ
)
S−(~ℓ⊥, µ
2, ρ)
×HLL
(
Q2, µ2, ρ
)
δ2(~k1⊥ + ~k2⊥ + ~ℓ⊥ − ~Q⊥) , (26)
WTT (x1, x2, Q
2, Q⊥) =
∑
q=u,d,s,...
e2q
3
∫
d2~k1⊥d
2~k2⊥d
2~ℓ⊥
×δqT
(
x1, k1⊥, µ
2, x1ζ, ρ
)
δqT
(
x2, k2⊥, µ
2, x2ζ, ρ
)
S−(~ℓ⊥, µ
2, ρ)
×HTT
(
Q2, µ2, ρ
)
δ2(~k1⊥ + ~k2⊥ + ~ℓ⊥ − ~Q⊥) , (27)
where we have chosen a special coordinate system: ζ2 = (Q2/x21)ρ and ζ
2
= (Q2/x22)ρ and
ρ =
√
v−v˜+/v+v˜−. The above results are accurate at leading powers in (Q2⊥/Q
2) for soft
Q⊥ ∼ ΛQCD. Introducing the impact-parameter space representation, the above factorization
formulas become simple products, e.g., for the unpolarized tensor,
W0(x1, x2, b, Q
2) =
∑
q=u,d,s,...
e2q
3
q
(
x1, b, µ
2, x1ζ, ρ
)
q
(
x2, b, µ
2, x2ζ, ρ
)
×S−(b, µ2, ρ)H0
(
Q2, µ2, ρ
)
. (28)
The other two hadronic tensors can be obtained similarly.
In the following, we will show that the above factorization formulas are valid at one-loop
order, and the relevant hard parts emerge from the calculation. We first consider the soft
factor in the factorization formulas. Since it has no spin dependence, it contributes equally
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FIG. 2: One-loop corrections to DY processes.
to all three structure functions. From its definition Eq. (3), the one-loop contribution Drell-
Yan soft factor is,
S−(~ℓ⊥, µ
2, ρ) =
αsCF
2π2
[
ln
4(v · v˜)2
v2v˜2
− 2
]
·
[
1
ℓ2⊥ + λ
2
− πδ2(ℓ⊥) ln µ
2
λ2
]
. (29)
At this order, it is the same as that for the DIS process [4].
One-loop Feynman diagrams for the Drell-Yan process initiated from a quark and anti-
quark pair are shown in Fig. 2, which contain both virtual and real corrections. The virtual
corrections are the same for all three structure functions,
W0,LL,TT =
1
3
δ(x1 − 1)δ(x2 − 1)δ2( ~Q⊥)(1 + 2(ZF − 1) + 2(Zˆ ′V − 1)) , (30)
where ZF and ZV come from self-energy and vertex corrections respectively. ZF is the same
as that in DIS [4]. The vertex correction is different,
Zˆ ′V = 1−
αs
4π
CF
(
ln
Q2
µ2
+ ln2
Q2
m2
+ 2 ln
m2
λ2
ln
Q2
m2
− 4 ln Q
2
m2
− 4π
2
3
)
. (31)
which can be obtained through analytical continuation from space-like region (q2 < 0) to
time-like region (q2 > 0). From the above, the one-loop TMD parton distributions, and the
soft factor in Eq. (29), the one-loop contribution to the hard parts can be extracted.
H0,LL,TT (Q
2, µ2, ρ) =
αs
2π
CF
[(
1 + ln ρ2
)
ln
Q2
µ2
− ln ρ2 + 1
4
ln2 ρ2 + 2π2 − 4
]
, (32)
where we have chosen a coordinate system in which x1ζ = x2ζ and therefore the dependence
on the quasi-light-like vectors v and v˜ is simply through a combination ρ =
√
v−v˜+/v+v˜−.
Note that the hard parts at this order are the same for all three structure functions and
hence are spin-independent.
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The real contributions are different for the three hadronic tensors:
W0 =
αsCF
6π2
δ(1− x2)
{ 1− x1
q2⊥ + x1λ
2 +m2(1− x1)2 −
2x1(1− x1)m2
(q2⊥ + x1λ
2 +m2(1− x1)2)2
+
2x1
(1− x1)+
1
q2⊥ + x1λ
2 +m2(1− x1)2 + δ(1− x1)
1
q2⊥ + λ
2
ln
Q2
q2⊥ + λ
2
}
+(x1 ↔ x2) , (33)
WLL =
αsCF
6π2
δ(1− x2)
{ 1− x1
q2⊥ + x1λ
2 +m2(1− x1)2 −
2m2(1− x1)(1− x1 + x21)
(q2⊥ + x1λ
2 +m2(1− x1)2)2
+
2x1
(1− x1)+
1
q2⊥ + x1λ
2 +m2(1− x1)2 + δ(1− x1)
1
q2⊥ + λ
2
ln
Q2
q2⊥ + λ
2
}
+(x1 ↔ x2) , (34)
WTT =
αsCF
6π2
δ(1− x2)
{ 2x1
(1− x1)+
1
q2⊥ + x1λ
2 +m2(1− x1)2
− 2x1(1− x1)m
2
(q2⊥ + x1λ
2 +m2(1− x1)2)2 + δ(1− x1)
1
q2⊥ + λ
2
ln
Q2
q2⊥ + λ
2
}
+(x1 ↔ x2) . (35)
All these results can be reproduced by one-loop parton distributions for the quark and
anti-quark and soft factors discussed before. Therefore, the factorization formulas for the
Drell-Yan processes at low transverse momentum are correct at one-loop order. For an
all-order proof, one can follow the same procedure outlined in [4].
Finally, we comment that when the transverse-momentum of the lepton pair is large
compared to ΛQCD, but much smaller than Q, the above formalism leads to a resummation
of double logarithms as in the original paper by Collins, Soper, and Sterman [7]. For spin-
dependent part, some studies along this direction can be found in Refs. [26, 27].
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